Abstract-Time-delayed feedback can be used to stabilize unstable periodic orbits (UPOs) in dynamical systems. The technique involves feedback of signals delayed by the orbit's period so that the feedback signals vanish on the target orbit and hence the UPO becomes a solution of the original system. An obvious advantage of this method is that it requires only the knowledge of the period of the target UPO. In this brief, a pulsewidth-modulated current-mode H-bridge inverter serves as a subject of investigation. Under certain parameter ranges, it exhibits higher periodic solutions and chaos. A simple time-delay feedback control method is applied to stabilize the UPOs. By using the time-delayed feedback control method, the stability limit and gain range of the system are increased.
I. INTRODUCTION
Stabilizing unstable periodic orbits (UPOs) is an important topic in chaos-control research. The first control, known as the Ott-Grebogi-Yorke (OGY) method proposed by Ott et al. [1] , stabilizes UPOs using small discontinuous parameter perturbation. Some further extensions of this method have lately been proposed [2] , [3] , and they are quite popular in the fields of nonlinear dynamics today.
As an alternative to the OGY method to control chaos, a linear timedelayed feedback control (TDFC) method has been proposed to stabilize the UPOs in chaotic systems [4] - [6] . This method involves a control signal formed on the basis of the difference between the current state of the system and the state, delayed by one period of the UPO. The advantage of this method is that it does not require the exact information of the UPO. All it needs is a time-delay constant which is the period of the target UPO. This method is very simple and has been successfully applied to various systems [7] - [12] .
Power-electronics systems are rich in bifurcation and nonlinear phenomena [13] - [16] . Control of chaos in these systems has become one of the popular research topics in power electronics as well as circuits and systems communities [17] , [18] . Recently, the TDFC method has been applied successfully to stabilize the UPOs in chaotic switching dc/dc converters [19] , [20] . As many other practical power-electronics circuits also exhibit bifurcation behavior and chaos, there is a strong motivation to study the control of chaos in these systems. In this brief, we attempt to apply the TDFC method to stabilize the UPO in a pulsewidthmodulated (PWM) current-mode H-bridge inverter.
The brief is organized as follows. In Section II, we outline the PWM current-mode H-bridge inverter and derive the state equations that describe the system dynamics. In Section III, we describe the TDFC method. In Section IV, we show the simulation results. Then, detailed analysis is given in Section V, where a discrete-time map, its Jacobian, and the eigenvalues are derived. Finally, we give the conclusion in Section VI. 
II. H-BRIDGE INVERTER
The system under study is an ideal H-bridge inverter which feeds a restive and inductive load. It is controlled by a current feedback loop [21] , [22] . Fig. 1 shows an ideal H-bridge inverter and its load. The device consists of a voltage source, four switches, an inductor and a resistor. It is running in a fixed switching frequency. The current is sampled at the beginning of each period and is compared to the reference current to give a PWM signal that controls the duty cycle of that period. If the reference current varies as a sinusoid, the sampled current will also vary as a sinusoid. In order to keep the current ripple small, the inverter's switching period is usually much smaller than that of the reference current. In our study, we fix the reference current as a constant value (the reference current's frequency tends to zero), the system works as a current-programmed chopper.
Depending on the states of the switches S1-S4, the H-bridge exhibits two switch states, denoted as T1 and T2. When the PWM signal is "high", S1 and S3 are turned on. When the PWM signal is "low", S2 and S4 are turned on. In both states, S2 and S4 are always in complementary states to S1 and S3. The inductor current is the only state variable and its dynamics in these switch states can be described by the following differential equations:
for S1 and S3 on; S2 and S4 off (1)
for S2 and S4 on; S1 and S3 off:
The normal operation of the inverter involves a sequence of three switch states, T2-T1-T2. The proportion of time duration for T1 to the switching period T is the duty cycle dn, and it is placed in the middle of the switching period. (The subscript n denotes the values at the beginning of the nth switching period.) The duty cycle must take the value between zero and one, i.e., 0 dn 1. The sequence of switch states taken place in each period is as follows. 3) For nT + ((1 + d n )=2)T < t (n + 1)T , S2 and S4 are turned on. By solving the corresponding state equation in each of the switch states and stacking up the solutions, i n+1 can be expressed in terms of i n and dn. In order to generalize, the inductor current is scaled with the maximum current in the load E=R. The same notation is used for the scaled inductor current for simplicity. Now, the dynamics of the scaled inductor current can be described by the following discrete-time equation.
where = e 02 , = 2e 0 , and = RT =2L. Then, we need to find the feedback relation that connects the duty cycle to the state variable. It should be noted that the discrete-time scale modeling allows the duty cycle of each swithing period to be determined in the beginning of that switching period. As mentioned before, 0 d n 1. We need to include the cases for saturation of duty cycle. When d n > 1 or d n < 0, we put dn = 1 or dn = 0.
III. TDFC
We apply the TDFC method to the system, a term (i(t) 0i (t0)) is added to the original control signal, where is the period of the target UPO and is an adjustable parameter related to the coupling strength. We can easily observe that when i(t) = i(t 0 ), the extra term vanishes and i(t) travels on the target UPO. It is well known that in a chaotic system, there are many UPOs with different periods [1] . Since our system is nonautonomous with a switching period T , we naturally select an UPO with period T , i.e., = T , as the target UPO in our study. This target UPO is not unique because power-electronics circuits can have multiple attractors [15] , e.g., a T -periodic orbit and a higher periodic orbit can coexist in a same set of circuit parameters. In [22, Table 1 ], the existence and stability of different orbits regarding the system have been pointed out. For some ranges of k, it has been shown that there are coexisting periodic orbits (one of them could be stable). Now, the modified control signal c becomes With a suitable selection of , the system in 2T periodic state or chaos can be stabilized into a T periodic state. One of the restrictions of the TDFC method is that the target orbit can only have a period that is an integer multiple of T (i.e., nT , where n is an integer). Also, it is not possible for the controlled system to converge to an orbit of period T =2 (or T =m, where m is an integer).
IV. COMPUTER SIMULATIONS
Our simulation is based on the state equations derived in Section II. Essentially, for each set of parameter values, time-domain cycle-bycycle waveforms are generated by solving the appropriate linear equation in a sub-interval of time, according to the states of the switches S1-S4. After the transient period, we capture the steady-state time-domain waveforms of the state variable (inductor current). The circuit parameters used in our simulations are shown in Table I .
We study the dynamics of the state variable with k as a bifurcation parameter. We obtain a bifurcation diagram as shown in Fig. 2 . It summarizes the values of i at the beginning of each switching period as k increases. From Fig. 2 , we observe that the system exhibits a T periodic orbit when k is relatively small. This orbit exists whatever k is, but it is stable when k is relatively small. It is a drawback because the proportional gain must be as large as possible in order to reduce the current error at the sampling times. Therefore, it is very important to stabilize this orbit over a widened range. As k increases, a 2T periodic orbit and then chaos are observed. The change of dynamical behavior is due to a nonstandard bifurcation known as border-collision bifurcation, as studied in [21] and [22] . This kind of bifurcation is very common in power-electronics circuits [16] , [23] , [24] . Then, we apply the TDFC method to the system [use the modified control signal as given in (6))]. With a suitable choice of , the UPOs in the 2T periodic region and chaotic region can be stabilized. Fig. 3 shows the bifurcation diagram after the TDFC method is applied. We observe that the stable T periodic region is widened. Figs. 4 and 5 show the time-domain waveforms where the TDFC is applied in the 2T periodic state and chaotic state. In both cases, the TDFC method is applied at t = 0:22 s, and the UPO (T -periodic) is stabilized in a few switching cycles.
V. ANALYSIS
From the simulation study in the Section IV, we have shown that the T periodic UPO embedded in the 2T -periodic and chaotic regions can be stabilized by the TDFC method. By using the discrete-time map of the system and deriving its Jacobian, we are able to study the stability of the UPO before and after the TDFC method is applied. Before the TDFC method is applied, the dynamics of the state variable can be described by the first-order discrete-time map (3) . Suppose that the equilibrium point of this map is given by i n = I Q . By putting (5) into (3) and letting in+1 = in, we can solve for an equilibrium point i n = I Q . The eigenvalue of the map evaluated at the equilibrium point can be found directly as follows:
Using (3) and (5), we can find all the derivatives in (8) . Then, (8) becomes = + (2 cosh(DQ))(0k) = 0 2k(cosh(DQ)) (9) where DQ is the duty cycle when the system is in the T periodic state.
We substitute all the parameter values into (9). For k = 2,we have = 00:653, the system exhibits a stable T periodic orbit. For k = 3 and 4, we have = 01:315 and 01:977, respectively, and the T periodic orbit is unstable. The system exhibits either a higher periodic orbit or chaotic orbit. From Fig. 6 , we can see how the eigenvalue moves along the real axis and crosses the unit circle through 01 when k = kL0 = 2:52. This limiting value of k, denoted as k L , is a bifurcation value, and not only a flip bifurcation but a border collision bifuracation as shown in [22] . This leads to a current relative static error After the TDFC method is applied, the original first-order system becomes a second-order system since the delayed state of the state variable in01 is involved. Now ,the system becomes
where 0 d n 1. We should note that now the state vector is x n = [ in in01 ]
T , and we can express xn+1 as a function of xn and dn, i.e.,
x n+1 = f(x n ; d n ). Following similar procedures, we can solve for an equilibrium point xn = XQ. This equilibrium point is the same one as that of (3) and (5) because, at that point, i n = i n01 . The Jacobian J(X Q ) of the map evaluated at the equilibrium point can be found directly as follows:
We solve the following equation in :
det[1 0 J(XQ)] = 0 2 0 J1 0 J2 = 0 (13) whose roots are actually the eigenvalues of the equilibrium point. When k =3 and 4, the original system is in 2T periodic state, and chaos, respectively. Now, TDFC is applied with = 1, the UPOs are stabilized. From (13), we can calculate the eigenvalues of the equilibrium point (originally unstable). For k = 3 and = 1, the eigenvalues are 00:327 6 j0:745. For k = 4 and = 1, the eigenvalues are 00:658 6 j0:479. In both cases, the equilibrium point is stable. 
We now want to set the pair k and to the best values, in order to reduce the static error. After that, we will make some remarks about the corresponding transient reponse. The value of k at the stability limit is a function of , and we now maximize k L with respect to . Both eigenvalues, denoted as 1 and 2, must be inside the unit cycle. We assume that 1 2 . From (13), the product of eigenvalues is equal to 0J 2 , the sum is equal to J 1 , and both real parts have the same sign because J 2 < 0. The first stability condition is j 0 J2j < 1:
Then, we discuss the sign of the sum. If J 1 < 0, then 1 > 01 ) 2 = 0J 2 = 1 < J 2 . It follows that the second stability condition is J1 > 01 + J2:
If J 1 > 0, then 2 < 1 ) 1 = 0J 2 = 2 > 0J 2 . It follows that the third stability condition is
The stability region appears in the dark zone of Fig. 8 . It corresponds to the usual Jury criteria for the asymptotic stability. Equations (15) and (16) successively yield < 1 2 cosh(DQ) (18) k < 1 + 2 cosh(D Q ) + 2: (19) Because the gain of the proportional corrector has to be positive and < 1, (17) reduces to k > 0: (20) Taking the numerical values of and D Q into account, cosh(D Q ) 1. The stability triangle in the plane k and is depicted in Fig. 9 . The precise maximum of kL is computed by solving the equilibrium point X Q , with the following equality:
whose solution is kL;max = 5:54, = 1:51, DQ = 0:73, and I Q = 0:4582. The static error decreases to min = 8:3%. k L;max is the maximum value of k L and sets the ultimate stability limit, as depicted in Fig. 10 . At that bifurcaion point, the system is marginally stable. This is not a practical situation for engineers whose primary concern is robustness. The side effect of this small reduction of the static error is a considerable increase in the duration and the amplitude of the transient response.
To ensure stability, a margin must be preserved, and in order to reduce the transient if necessary, an adaptive time-delayed controller could be defined to adjust the time-delayed effect to the proportional gain. Fig. 11 shows the ultimate bifurcation diagram ( = 1:51).
VI. CONCLUSION
The TDFC method is an effective method to stabilize UPOs in chaotic systems. This method is proposed for stabilizing UPOs in the PWM current-mode H-bridge inverter operating in higher-periodic state and chaos. Using the discrete-time map and its Jacobian, we have shown that the original unstable equilibrium point becomes a stable equilibrium point after the TDFC method is applied. The stable operation range of the inverter is widened. The TDFC method can be used to control the UPOs in other power-electronics circuits when they exhibit bifurcation behavior and chaos.
